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Topology in quench dynamics gives rise to intriguing dynamic topological phenomena, which are
intimately connected to the topology of static Hamiltonians yet challenging to probe experimen-
tally. Here we experimentally detect momentum-time skyrmions in parity-time (PT )-symmetric
non-unitary quench dynamics, which are protected by dynamic Chern numbers defined for the
emergent momentum-time manifold. Specifically, we experimentally simulate non-unitary quench
dynamics of PT -symmetric topological systems using single-photon discrete-time quantum walks,
and demonstrate emergence of skyrmions by constructing the time-dependent non-Hermitian density
matrix via direct measurements in position space. Our work experimentally reveals the interplay
of PT symmetry and quench dynamics in inducing emergent topological structures, and highlights
the application of discrete-time quantum walks for the study of dynamic topological phenomena.
I. INTRODUCTION
Topological phases feature a wealth of fascinating
properties governed by the geometry of their ground-
state wave functions at equilibrium [1, 2], but topolog-
ical phenomena also manifest as non-equilibrium quan-
tum dynamics in driven-dissipative [3] and Floquet sys-
tems [4–7], as well as in quench processes [8–15]. The
experimental detection of these dynamic topological phe-
nomena is challenging since it requires full control and
access of the time-evolved state. In recent experiments
with ultracold atoms, topological objects such as vortices,
links and rings have been identified in the quench dy-
namics of topological systems via time- and momentum-
resolved tomography [16–18]. Here we experimentally
establish discrete-time photonic quantum walks (QWs)
as another promising arena for engineering and detect-
ing dynamic topological phenomena. Compared to cold
atomic gases, the relative ease of introducing loss in pho-
tonic systems further enables us to experimentally inves-
tigate novel dynamic topological phenomena in the non-
unitary regime, where parity-time (PT ) symmetry plays
an important role.
In discrete-time photonic QWs [19–24], single pho-
tons, starting from their initial states, are subject to re-
peated unitary operations [25]. While QW dynamics sup-
port Floquet topological phases (FTPs) [21–24, 26, 27],
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discrete-time QWs can also be viewed as stroboscopic
simulation of quench dynamics between FTPs, during
which dynamic topological phenomena should occur.
However, the enticing possibility of QWs in unveiling
dynamic topological phenomena in quench processes has
not been explored.
We bridge this gap by experimentally detecting
dynamic skyrmion structures in PT -symmetric one-
dimensional QWs of single photons. Originally pro-
posed in high-energy physics [28] and later experimen-
tally observed in magnetic and optical configurations [29–
31], skyrmions are a type of topologically stable defects
featuring a three-component vector field in two dimen-
sions. In QW dynamics, dynamic skyrmions manifest
themselves in the momentum-time spin texture of the
time-evolved density matrix, and are protected by quan-
tized dynamic Chern numbers in emergent momentum-
time submanifolds [12–14]. We apply projective and
interference-based measurements in position space for the
construction of time-dependent density matrix, rather
than the time-resolved tomography. Such a practice al-
lows for direct measurements of the density matrix at
each time step, which significantly reduces the system-
atic error introduced by the least-square algorithm in to-
mographic measurements.
We confirm the emergence of dynamic skyrmion struc-
tures when QW dynamics correspond to quenches be-
tween distinct FTPs in the PT -symmetry-unbroken
regime, where the dynamics is coherent despite being
non-unitary. Effective coherent dynamics is manifested
as temporal oscillatory behavior inherent in off-diagonal
density-matrix elements. Such oscillatory phenomena re-
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2flect the system’s ability to fully retrieve information
temporarily lost to the environment by PT dynamics in
the unbroken-symmetry regime [32]. By contrast, when
the system is quenched into the PT -symmetry-broken
regime, skyrmions are absent in the momentum-time
space, as the dynamics become incoherent. Our work
unveils the fascinating relation between emergent topol-
ogy and PT -symmetric non-unitary dynamics, and is the
first experiment to showcase the prowess of QWs in re-
vealing dynamic topological structures and invariants in
quench dynamics.
II. QUENCH DYNAMICS IN PT -SYMMETRIC
QWS
We experimentally implement PT -symmetric non-
unitary QWs on a one-dimensional lattice L (L ∈ Z)
with single photons in the cascaded interferometric net-
work illustrated in Fig. 1. The corresponding Floquet
operator is
U = R
(
θ1
2
)
SR
(
θ2
2
)
MR
(
θ2
2
)
SR
(
θ1
2
)
, (1)
where R(θ) rotates coin states (encoded in the hori-
zontal and vertical polarizations of single photons |H〉
and |V 〉) by θ about the y-axis, and S moves the pho-
ton to neighbouring spatial modes depending on its po-
larization (see Appendix). The loss operator M =
1w ⊗
(|+〉 〈+|+√1− p |−〉 〈−|) enforces a partial mea-
surement in the basis |±〉 = (|H〉 ± |V 〉) /√2 at each
time step with a success probability p ∈ [0, 1]. Here
1w =
∑
x |x〉 〈x| with |x〉 (x ∈ L) denoting the spatial
mode. Note that the non-unitary QW driven by U re-
duces to a unitary one p = 0.
QWs governed by U stroboscopically simulate non-
unitary time evolutions driven by the effective Hamil-
tonian Heff, with U = e
−iHeff . We define the quasienergy
 and eigenstate |ψ〉 as U |ψ〉 = γ−1e−i|ψ〉, where
γ = (1 − p)− 14 . U possesses passive PT symmetry
with PT γU (PT )−1 = γ−1U−1, where PT = ∑x | −
x〉〈x| ⊗ σ3K, σ3 = |H〉〈H| − |V 〉〈V |, and K is the com-
plex conjugation. It follows that  is entirely real in the
PT -symmetry-unbroken regime, and can take imaginary
values in regimes when PT symmetry is spontaneously
broken [33–36]. U also features topological properties,
characterized by winding numbers defined through the
global Berry phase [37–39]. We show the topological
phase diagram of the system in Fig. 2(a), where distinct
FTPs are marked by their corresponding winding num-
bers. The boundaries between PT -symmetry-unbroken
and -broken regimes are also shown in red-dashed lines,
with PT -symmetry-broken regimes surrounding topolog-
ical phase boundaries.
To simulate quench dynamics, we initialize the walker
photon in the eigenstate |ψi〉 of a Floquet operator
U i = e−iH
i
eff , characterized by coin parameters (θi1, θ
i
2).
The walker at the t-th time step is given by |ψ(t)〉 =
e−iHefft|ψi〉, such that the resulting QW can be identi-
fied as a sudden quench between H ieff and Heff. Adopting
notations in typical quench dynamics, we denote U and
Heff as U
f and H feff in the following, characterized by coin
parameters (θf1, θ
f
2).
III. FIXED POINTS AND EMERGENT
SKYRMIONS
Due to the lattice translational symmetry of U i,f, dy-
namics in different quasi-momentum k-sectors are de-
coupled. We consider the case where U i is in the PT -
symmetry-unbroken regime, with the initial state |ψik,−〉
in each k-sector satisfying U ik|ψik,−〉 = γ−1e−i
i
k,− |ψik,−〉.
Likewise, we have U fk|ψfk,±〉 = γ−1e−i
f
k,± |ψfk,±〉, where
we denote quasienergies of U i,fk as 
i,f
k,±, with 
i,f
k,± = ±Ei,fk .
By invoking the biorthogonal basis [40], the non-
unitary time evolution of the system is captured by a non-
Hermitian density matrix, which can be written as [14]
ρ(k, t) =
1
2
[τ0 + n(k, t) · τ ] , (2)
where n(k, t) = (n1, n2, n3), τ = (τ1, τ2, τ3), τi =∑
µ,ν=± |ψfk,µ〉σµνi 〈χfk,ν | (i = 0, 1, 2, 3), and 〈χfk,µ|(
|ψfk,µ〉
)
is the left (right) eigenvector of U fk. Here, σ0
is a 2× 2 identity matrix, and σi (i = 1, 2, 3) is the cor-
responding standard Pauli matrix.
A key advantage of adopting Eq. (2) is that n(k, t) be-
comes a real unit vector, which enables us to visualize
the non-unitary dynamics on a Bloch sphere. As illus-
trated in Fig. 2(b), when Efk is real, n(k, t) rotates around
poles of the Bloch sphere with a period t0 = pi/E
f
k. Thus,
momenta corresponding to poles of the Bloch sphere are
identified as two different kinds of fixed points, where the
density matrices do not evolve in time. In contrast, when
Efk is imaginary, there are no fixed points in the dynam-
ics, as n(k, t) asymptotically approaches the north pole
in the long-time limit [see Fig. 2(b)].
When U i and U f belong with distinct FTPs in the
PT -symmetry-unbroken regime, fixed points of different
kinds necessarily emerge in pairs [14, 33]. Each momen-
tum submanifold between a pair of distinct fixed points
can be combined with the S1 topology of the periodic
time evolution to form an emergent S2 momentum-time
manifold, which can be mapped to the S2 Bloch sphere
of n(k, t). The Chern number characterizing such an
S2 → S2 mapping is finite and gives rise to intrigu-
ing skyrmion structures in the emergent momentum-time
manifolds.
To probe fixed points and momentum-time skyrmions,
we perform projective and interference-based mea-
surements to construct the Hermitian density matrix
ρ′(k, t) = |ψk(t)〉〈ψk(t)|, from which we calculate the
non-Hermitian density matrix ρ(k, t) and determine
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FIG. 1. Experimental setup for detecting momentum-time skyrmions in non-unitary QWs. Photons are generated via spon-
taneous parametric down conversion through a Type-I non-linear β-Barium-Borate (BBO) crystal. The single signal photon
is heralded by the corresponding trigger photon and can be prepared in an arbitrary linear polarization state via a polarizing
beam splitter (PBS) and wave plates. Conditional shift operation S and coin rotation R are realized by a beam displacer (BD)
and two half-wave plates (HWPs), respectively. For non-unitary QWs, a sandwich-type HWP-PPBS-HWP setup is inserted to
introduce non-unitarity, where PPBS is an abbreviation for partially polarizing beam splitters. Two kinds of measurements,
including projective measurements and interference-based measurements, are applied before the signal and heralding photons
are detected by avalanche photodiodes (APDs).
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FIG. 2. Phase diagram and schematic illustrations of non-
unitary QW dynamics. (a) Phase diagram for QWs governed
by the Floquet operator U in Eq. (1), with the correspond-
ing topological numbers ν as a function of coin parameters
(θ1, θ2). Solid black lines are the topological phase boundary,
dashed red lines represent boundaries between PT -symmetry-
unbroken and broken regimes. Black star represents coin pa-
rameters of U i, of which the initial state |ψi〉 is an eigenstate.
Red diamond, blue triangle, and green circle correspond to
coin parameters of the final Floquet operator U f in Fig. 3(a),
Fig. 3(b), and Fig. 5, respectively. The black square corre-
spond to coin parameters of U f in Fig. 6. (b) Schematic illus-
trations of the time evolution of n(k, t) on a Bloch sphere
when Efk is real (left) and imaginary (right), respectively.
Blue and red arrows point to fixed points. The green arrow
indicates steady state in the long-time limit. Black arrows
indicate the direction of n(k, t) at different times.
n(k, t) through n(k, t) = Tr [ρ(k, t) · τ ]. We emphasize
that whereas the Hermitian density matrix ρ′(k, t) is ex-
perimentally accessible, it is difficult to visualize non-
unitary dynamics on a Bloch sphere starting from it, and
skyrmion structures would remain hidden in the dynam-
ics.
IV. DYNAMICS IN THE
PT -SYMMETRY-UNBROKEN REGIME
We first study fixed points and momentum-time
skyrmions in the PT -symmetry-unbroken regime. For
comparison, we also experimentally characterize these
quantities in unitary dynamics. We initialize the walker
on a localized lattice site |x = 0〉 and in the coin state
|ψi−〉c. Here, |x〉 denotes the spatial mode. Importantly,
|ψik,−〉 = |ψi−〉c is an eigenstate of U ik for all k, with the
corresponding (θi1, θ
i
2) on blue dashed lines in Fig. 2(a).
Without loss of generality, we choose (θi1 = pi/4, θ
i
2 =
−pi/2) for both the unitary and non-unitary cases.
For the first case of study, we implement unitary QWs
with |ψi−〉c = (|H〉 + i |V 〉)/
√
2 and (θf1 = −pi/2, θf2 =
pi/3), which simulate quench processes between FTPs
with νi = 0 and νf = −2. We have chosen (θf1, θf2) on pur-
ple dashed lines, where qusienergy bands are flat. Oscil-
latory dynamics of n(k, t) in different k-sectors thus fea-
ture the same period, as illustrated in Fig. 3(a). We iden-
tify fixed points of unitary dynamics at high-symmetry
points of the Brillioun zone {−pi,−pi/2, 0, pi/2}, where
n(k, t) become independent of time.
For the second case of study, we implement non-
unitary QWs with p = 0.36, |ψi−〉c = 0.7606 |H〉 +
0.6492i |V 〉, and [θf1 = −pi/2, θf2 = arcsin( 1α cos pi6 )] (here
α = γ2 (1+
√
1− p)). The post-quench FTP is in the PT -
symmetry unbroken regime with νf = −2. As shown in
Fig. 3(b), dynamics of n(k, t) is still oscillatory, but fixed
points are shifted away from the high-symmetry points,
consistent with theoretical predictions.
In Fig. 4, we plot n(k, t) in the momentum-time space.
The oscillatory behavior in n(k, t) is then manifested
as momentum-time skyrmions, which are protected by
dynamic Chern numbers defined on the corresponding
momentum-time submanifold. By contrast, when the
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FIG. 3. Experimental results of n(k, t). Time-evolution of n(k, t) up to t = 6 for quench processes between (a) an initial
unitary Floquet operator characterized by (θi1 = pi/4, θ
i
2 = −pi/2) and a final unitary Floquet operator characterized by
(θf1 = −pi/2, θf2 = pi/3); and (b) an initial non-unitary Floquet operator characterized by (θi1 = pi/4, θi2 = −pi/2) and a final
non-unitary Floquet operator characterized by (θf1 = −pi/2, θf2 = arcsin( 1α cos pi6 )). The period of oscillations is t0 = 6 for all
k. Fixed points are located at {−pi,−pi/2, 0, pi/2} for unitary dynamics (a), and at {−0.4399pi,−0.0099pi, 0.5901pi, 0.9901pi} for
non-unitary dynamics (b). Shadings indicate experimental error bars which are are due to photon-counting statistics.
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FIG. 4. Experimental results of spin texture n(k, t). Experimental (upper layer) and theoretical results (lower layer) of spin
texture n(k, t) in the momentum-time space for quench processes corresponding to (a) Fig. 3(a), and (b) Fig. 3(b), respectively.
The temporal resolution of experimental measurements is limited by discrete time steps of QWs, whereas we adopt a better
resolution in theoretical results for a clearer view of skyrmions.
5system is quenched between FTPs with the same winding
number, skyrmion-lattice structures are no longer present
(see Fig. 6 in the Appendix).
V. DYNAMICS IN THE
PT -SYMMETRY-BROKEN REGIME
We now turn to the case where U f belong with
the PT -symmetry-broken regime. We initialize the
walker on a localized lattice site in the coin state
(|H〉+ |V 〉) /√2, and evolve it under U f characterized by[
θf1 = −pi/2, θf2 = 12 (pi − arccos 1α )
]
, which is in the PT -
symmetry-broken regime with νf = −2. We note that for
contrast, U f is chosen such that its quasienergy spectra
are flat and completely imaginary. As shown in Fig. 5(a),
there is no periodical evolution in n(k, t) anymore. In-
stead, different components of n(k, t) slowly approach a
steady state with n = (0, 0, 1) in the long-time limit.
This is more clearly seen in the momentum-time space in
Fig. 5(b), where skyrmion structures are absent and vec-
tors in all k-sectors tend to point out of the plane in the
long-time limit. We note that dynamics of n(k, t) here
is insensitive to the choice of initial state, as the system
always relaxes to the steady state at long times.
VI. DISCUSSION
By simulating quench dynamics of topological sys-
tems using photonic QWs, we have revealed emergent
momentum-time skyrmions, protected by dynamic Chern
numbers defined on the momentum-time submanifolds.
These emergent topological phenomena are underpinned
by fixed points of dynamics, which can exist for both
unitary and non-unitary quench processes. We have fur-
ther confirmed the decisive role of PT -symmetry on the
existence of fixed points and skyrmions in non-unitary
dynamics.
Emergent momentum-time skyrmions reported here
are intimately connected with the recently observed dy-
namic quantum phase transitions in similar systems [14,
33]. In fact, both emergent topological phenomena nec-
essarily exist in the presence of fixed points of different
kinds, for both unitary and non-unitary dynamics. With
the highly flexible control of photonic QW protocols, it
would be interesting to investigate dynamic topological
phenomena in higher dimensions or associated with other
topological classifications in the future [41]. Our work
thus paves the way for a systematic experimental study
of dynamic topological phenomena in both unitary and
non-unitary dynamics.
ACKNOWLEDGMENTS
This work has been supported by the Natural Science
Foundation of China (Grant Nos. 11474049, 11674056,
and 11522545) and the Natural Science Foundation of
Jiangsu Province (Grant No. BK20160024). WY ac-
knowledges support from the National Key R&D Pro-
gram (Grant Nos. 2016YFA0301700,2017YFA0304100).
KKW and XZQ contributed equally to this work.
Note added. During the preparation of this
manuscript, we learned a related experiment on emer-
gent momentum-time skyrmions in unitary quench dy-
namics by X.-Y. Guo et al. (arXiv:1806.09269), where
the quench dynamics is simulated using superconducting
qubits.
[1] M. Z. Hasan and C. L. Kan, Colloqium: topological in-
sulators, Rev. Mod. Phys. 82, 3045-3067 (2010).
[2] X. L. Qi and S. C. Zhang, Topological insulators and
superconductors, Rev. Mod. Phys. 83, 1057-1110 (2011).
[3] S. Diehl, E. Rico, M. A. Baranov, and P. Zoller, Topology
by dissipation in atomic quantum wires, Nat. Phys. 7,
971 (2011).
[4] M. S. Rudner, N. H. Lindner, E. Berg, and M. Levin,
Anomalous edge states and the bulk-edge correspondence
for periodically driven two-dimensional systems, Phys.
Rev. X 3, 031005 (2013).
[5] L. D’Alessio and M. Rigol, Dynamical preparation of Flo-
quet Chern insulators, Nat. Commun. 6, 8336 (2015).
[6] P. Titum, E. Berg, M. S. Rudner, C. Refael, and N.
H. Lindner, Anomalous Floquet-Anderson insulator as
a nonadiabatic quantized charge pump, Phys. Rev. X 6,
021013 (2016).
[7] A. C. Potter, T. Morimoto, and A. Vishwanath, Classi-
fication of interacting topological Floquet phases in one
dimension, Phys. Rev. X 6, 041001 (2016).
[8] M. D. Caio, N. R. Cooper, and M. J. Bhaseen, Quan-
tum quenches in Chern insulators, Phys. Rev. Lett. 115,
236403 (2015).
[9] Y. Hu, P. Zoller, and J. C. Budich, Dynamical buildup
of a quantized Hall response from nontopological states,
Phys. Rev. Lett. 117, 126803 (2016).
[10] J. H. Wilson, J. C. W. Song, and G. Refael, Remnant
geometric Hall response in a quantum quench, Phys. Rev.
Lett. 117, 235302 (2016).
[11] C. Wang, P. Zhang, X. Chen, J. Yu, and H. Zhai, Scheme
to measure the topological number of a Chern insula-
tor from quench dynamics, Phys. Rev. Lett. 118, 185701
(2017).
[12] C. Yang, L. Li, and S. Chen, Dynamical topological
invariant after a quantum quench, Phys. Rev. B 97,
060304(R) (2018).
[13] Z. Gong and M. Ueda, Entanglement-spectrum cross-
ing and momentum-time Skyrmions in quench dynamics,
Preprint at http://arXiv.org/abs/1710.05289 (2017).
[14] X. Qiu, T.-S. Deng, Y. Hu, P. Xue, and W. Yi,
Fixed points and emergent topological phenomena in
6�π�� π/2 π0
k
(a)
�π
t =0 t =1
t =2 t =3
t =4
t =6
t =5
��
��
��
��
0
0
0
0
�
�
�
�
π/2 π�π���π
0
�π �π�� π/2 π
0
0
3
6
0
3
6
t
t
k
(b)
2
n
j(
k,
t)
n
j(
k,
t)
n
j(
k,
t)
n
j(
k,
t)
n
1n 3
n
(k,t)n 2
(k,t)n3
exp  
exp  
n  ( k,t)1 expn  ( k,t)1the
n  ( k,t)2the
n  ( k,t)3the
FIG. 5. Experimental results for the PT -symmetric broken QW dynamics. (a) Time-evolution and (b) spin textures of n(k, t) in
the momentum-time space for a quench process between the initial non-unitary Floquet operator given by (θi1 = pi/4, θ
i
2 = −pi/2)
and the final PT -symmetry-broken Floquet operator given by [θf1 = −pi/2, θf2 = 12 (pi − arccos 1α )].
a parity-time-symmetric quantum quench, Preprint at
http://arXiv.org/abs/1806.10268 (2018).
[15] L. Zhang, L. Zhang, S. Niu, and X.-J. Liu, Dynamical
classification of topological quantum phases, Preprint at
http://arXiv.org/abs/1802.10061 (2018).
[16] N. Fla¨schner, D. Vogel, M. Tarnowski, B. S. Rem, D.-S.
Lu¨hmann, M. Heyl, J. C. Budich, L. Mathey, K. Seng-
stock, and C. Weitenberg, Observation of dynamical vor-
tices after quenches in a system with topology, Nat. Phys.
14, 265 (2018)
[17] M. Tarnowski, F. N. U¨nal, N. Fla¨schner, B. S. Rem, A.
Eckardt, K. Sengstock, and C. Weitenberg, Characteriz-
ing topology by dynamics: Chern number from linking
number, Preprint at http://arXiv.org/abs/1709.01046
(2017).
[18] W. Sun, C.-R. Yi, B.-Z. Wang, W.-W. Zhang, B. C.
Sanders, X.-T. Xu, Z.-Y. Wang, J. Schmiedmayer, Y.
Deng, X.-J. Liu, S. Chen, and J.-W. Pan, Uncover
topology by quantum quench dynamics, Preprint at
http://arXiv.org/abs/1804.08226 (2018).
[19] T. Kitagawa, M. S. Rudner, E. Berg, and E. Demler,
Exploring topological phases with quantum walks, Phys.
Rev. A 82, 033429 (2010).
[20] F. Cardano, M. Maffei, F. Massa, B. Piccirillo, C. de Li-
sio, G. De Filippis, V. Cataudella, E. Santamato, and L.
Marrucci, Statistical moments of quantum-walk dynam-
ics reveal topological quantum transitions, Nat. Com-
mun. 7, 11439 (2016).
[21] T. Kitagawa, M. A. Broome, A. Fedrizzi, M. S. Rudner,
E. Berg, I. Kassal, A. Aspuru-Guzik, E. Demler, and A.
G. White Observation of topologically protected bound
states in photonic quantum walks, Nat. Commun. 3, 882
(2012).
[22] F. Cardano, A. D’Errico, A. Dauphin, M. Maffei, B. Pic-
cirillo, C. de Lisio, G. De Filippis, V. Cataudella, E. San-
tamato, L. Marrucci, M. Lewenstein, and P. Massignan,
Detection of Zak phases and topological invariants in a
chiral quantum walk of twisted photons, Nat. Commun.
8, 15516 (2017).
[23] S. Barkhofen, T. Nitsche, F. Elster, L. Lorz, A. Ga´bris, I.
Jex, and C. Silberhorn, Measuring topological invariants
in disordered discrete-time quantum walks, Phys. Rev. A
96, 033846 (2017).
[24] X. Wang, L. Xiao, X. Qiu, K. Wang, W. Yi, and P. Xue,
Detecting topological invariants and revealing topologi-
cal phase transitions in discrete-time photonic quantum
walks, Phys. Rev. A 98, 013835 (2018).
[25] A. Peruzzo, M. Lobino, J. C. F. Matthews, N. Matsuda,
A. Politi, K. Poulios, X.-Q. Zhou, Y. Lahini, N. Ismail, K.
Wo¨rhoff, Y. Bromberg, Y. Silberberg, M. G. Thompson,
and J. L. O’Brien, Quantum walks of correlated photons,
Science 329, 1500-1503 (2010).
[26] L. Xiao, X. Zhan, Z. Bian, K. Wang, X. Zhang, X. Wang,
J. Li, K. Mochizuki, D. Kim, N. Kawakami, W. Yi,
H. Obuse, B. C. Sanders, and P. Xue, Observation of
topological edge states in parity-time-symmetric quan-
tum walks, Nat. Phys. 13, 1117 (2017).
[27] X. Zhan, L. Xiao, Z. Bian, K. Wang, X. Qiu, B. C.
Sanders, W. Yi, and P. Xue, Detecting topological invari-
ants in nonunitary discrete-time quantum walks, Phys.
Rev. Lett. 119, 130501 (2017).
[28] T. H. R. Skyrme, A unified field theory of mesons and
baryons, Nucl. Phys. 31, 556 (1962).
[29] S. Mu¨hlbauer, B. Binz, F. Jonietz, C. Pfleiderer, A.
Rosch, A. Neubauer, R. Georgii, and P. Bo¨ni, Skyrmion
lattice in a chiral magnet, Science 323, 915 (2009).
[30] X. Z. Yu, Y. Onose, N. Kanazawa, J. H. Park, J. H. Han,
Y. Matsui, N. Nagaosa, and Y. Tokura, Real-space ob-
servation of a two-dimensional skyrmion crystal, Nature
465, 901 (2010).
[31] S. Tsessses, E. Ostrovsky, K. Cohen, B. Gjonaj, N.
Lindner, and G. Bartal, Optical skyrmion lattice in
evanescent electromagnetic fields, Science 10.1126/sci-
ence.aau0227 (2018).
[32] K. Kawabata, Y. Ashida, and M. Ueda, Retrieval and
criticality in parity-time-symmetric systems, Phys. Rev.
Lett. 119, 190401 (2017).
7[33] K. Wang, X. Qiu, L. Xiao, X. Zhan, Z. Bian, W.
Yi, and P. Xue, Simulating dynamic quantum phase
transitions in photonic quantum walks, Preprint at
http://arXiv.org/abs/1806.10871 (2018).
[34] C. M. Bender and S. Boettcher, Real spectra in non-
Hermitian Hamiltonians having PT symmetry, Phys.
Rev. Lett. 80, 5243-5246 (1998).
[35] C. M. Bender, D. C. Brody, and H. F. Jones, Complex
extension of quantum mechanics, Phys. Rev. Lett. 89,
270401 (2002).
[36] C. M. Bender, Making sense of non-Hermitian Hamilto-
nians, Rep. Prog. Phys. 70, 947-1018 (2007).
[37] J. Garrison and E. Wright, Complex geometrical phases
for dissipative systems, Phys. Lett. A 128, 177 (1988).
[38] S.-D. Liang and G.-Y. Huang, Topological invariance and
global Berry phase in non-Hermitian systems, Phys. Rev.
A 87, 012118 (2013).
[39] S. Lieu, Topological phases in the non-Hermitian Su-
Schieffer-Heeger model, Phys. Rev. B 97, 045106 (2018).
[40] D. C. Brody, Biorthogonal quantum mechanics, J. Phys.
A: Math. Theor. 47 035305 (2014).
[41] P.-Y. Chang, Topology and entanglement in quench dy-
namics, Phys. Rev. B 97, 224304 (2018).
8Appendix A: PT -symmetric non-unitary QW
The non-unitary Floquet operator U in Eq. (1) has passive PT symmetry, from which we can define U˜ = γU with
γ = (1 − p)− 14 . U˜ has active PT symmetry, with the symmetry operator PT = ∑x | − x〉〈x| ⊗ σ3K, where K is the
complex conjugation. As homogeneous QWs have lattice translational symmetry, we write U˜ in momentum space
U˜k =d0σ0 − id1σ1 − id2σ2 − id3σ3,
d0 =α [cos(2k) cos θ1 cos θ2 − sin θ1 sin θ2] ,
d1 =iβ, (A1)
d2 =α [cos(2k) cos θ2 sin θ1 + cos θ1 sin θ2] ,
d3 =− α sin(2k) cos θ2,
where α = γ2 (1 +
√
1− p), β = γ2 (1−
√
1− p).
Eigenvalues of U˜k are λk,± = d0∓ i
√
1− d20, and the corresponding quasienergy k,± = i ln(λk,±). When d20 < 1 for
all k, the quasienergy is real, and the system is in the PT -symmetry-unbroken regime. Whereas if d20 ≥ 1 for some k,
the PT symmetry is spontaneously broken and the quasienergy is imaginary in the corresponding momentum range.
Appendix B: Winding numbers of non-unitary QWs
Non-unitary QWs governed by U possess topological properties, which are characterized by winding numbers defined
through the global Berry phase ν = ϕB/2pi. Here, ϕB = ϕZ+ + ϕZ−, with the generalized Zak phases
ϕZ± = −i
∮
dk
〈χk,±| ddk |ψk,±〉
〈χk,±|ψk,±〉 . (B1)
The integral above is over the first Brillioun zone and 〈χk,µ| and |ψk,µ〉 (µ = ±) are respectively the left and right
eigenstates of Uk, defined through U
†
k |χk,µ〉 = λ∗µ|χk,µ〉 and Uk|ψk,µ〉 = λµ|ψk,µ〉, respectively.
Appendix C: Fixed points and dynamical Chern numbers in QW dynamics
Non-unitary time evolution of the system is captured by the non-Hermitian density matrix
ρ(k, t) :=
|ψk(t)〉〈χk(t)|
〈χk(t)|ψk(t)〉 =
1
2
[τ0 + n(k, t) · τ ] , (C1)
where the time-evolved state |ψk(t)〉 =
∑
µ=± cµe
−ifk,µt|ψfµ〉, the associated state 〈χk(t)| :=
∑
µ c
∗
µe
if∗k, ut〈χfk,µ|, cµ =
〈χfk,µ|ψik,−〉, and 〈χfk,µ|
(
|ψfk,µ〉
)
is the left (right) eigenvector of U fk, with the biorthonormal conditions 〈χfk,µ|ψfk,ν〉 =
δµν and
∑
µ |ψfk,µ〉〈χfk,µ| = 1. Under the definition (C1), the expectation value of any observable Ak at time t is
Tr [ρ(k, t)Ak] = 〈χk(t)|Ak|ψk(t)〉. We also note that n(k, t) = Tr [ρ(k, t) · τ ], with {τi} satisfying the standard su(2)
commutation relations.
Following the convention of the main text, we denote the final Flouqet operator in each quasimomentum k-sector
as U fk and the corresponding quasienergy as ±Efk. When Efk is real, we have
n0 = c
∗
+c+ + c
∗
−c−,
n1 =
1
n0
(c∗−c+e
−i2Efkt + c.c.),
n2 =
i
n0
(c∗−c+e
−i2Efkt − c.c.),
n3 =
1
n0
(c∗+c+ − c∗−c−).
(C2)
9By contrast, when Efk is imaginary, and assuming Im(E
f
k) > 0, we have
n0 = c
∗
+c+e
−i2Efkt + c∗−c−e
i2Efkt,
n1 =
1
n0
(c∗−c+ + c.c.),
n2 =
i
n0
(c∗−c+ − c.c.),
n3 =
1
n0
(c∗+c+e
−i2Efkt − c∗−c−ei2E
f
kt).
(C3)
From these expressions, it is straightforward to visualize dynamics of n(k, t) on a Bloch sphere as illustrated in
Fig. 2(b) and discussed in the main text. In particular, when U f is in the PT -symmetry-unbroken regime, fixed points
occur at momenta with c− = 0 or c+ = 0, which we identify as two different types of fixed points.
Appendix D: Dynamic Chern number
When Uf is in the PT -symmetry-unbroken regime, periodical evolution of the density matrix in each k-sector gives
rise to a temporal S1 topology. In the presence of fixed points, each momentum submanifold between two adjacent
fixed points can be combined with the S1 topology in time to form a momentum-time submanifold S2, which can be
mapped to the Bloch sphere associated with the vector n(k, t). These S2 → S2 mappings define a series of dynamic
Chern numbers
Cmn =
1
4pi
∫ kn
km
dk
∫ t0
0
dt [n(k, t)× ∂tn(k, t)] · ∂kn(k, t), (D1)
where km and kn denote two neighboring fixed points, and t0 = pi/E
f
k. For quenches between Hamiltonians with
different winding numbers, the dynamic Chern numbers are quantized, with values dependent on the nature of fixed
points at km and kn: Cmn = 1 when c+(km) = 0 and c−(kn) = 0; Cmn = −1 when c−(km) = 0 and c+(kn) = 0.
When the two fixed points are of the same kind, Cmn = 0.
According to its definition in Eq. (D1), a finite Chern number in a momentum-time submanifold corresponds to
the emergence of momentum-time skyrmions in the same submanifold.
Appendix E: Constructing density matrix from direct measurements
The non-Hermitian density matrix ρ(k, t) is related to the Hermitian one ρ′(k, t) := |ψk(t)〉〈ψk(t)| through
ρ(k, t) =
ρ′(k, t) · ∑
µ=±
|χfk,µ〉 〈χfk,µ|
Tr
[
ρ′(k, t) · ∑
µ=±
|χfk,µ〉 〈χfk,µ|
] , (E1)
where we have used the biorthonormal conditions 〈χfk,µ|ψfk,ν〉 = δµν and
∑
µ=± |ψfk,µ〉〈χfk,µ| = 1.
We then experimentally measure ρ′(k, t) and construct ρ(k, t) and n(k, t) using Eq. (E1). More specifically, we have
ρ′(k, t) = |ψk(t)〉 〈ψk(t)|
=
1
2
3∑
j=0
∑
x1,x2
e−ik(x1−x2) 〈ψx2(t)|σj |ψx1(t)〉σj , (E2)
where |ψx(t)〉 is the coin state on site x at the t-the time step. And we experimentally measure 〈ψx2(t)|σj |ψx1(t)〉
(j = 0, 1, 2, 3) for each pair of positions x1 and x2 directly. In the case of x1 = x2, we perform projective measurements
on the polarizations of photons at each position. In the case of x1 6= x2, we employ interference-based measurements
to construct the the matrix element 〈ψx2(t)|σj |ψx1(t)〉 from experimental data.
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Appendix F: Experimental details
Experimentally, we implement the coin operator R(θ) = 1w ⊗ e−iθσ2 , the shift operator S =∑
x (|x− 1〉 〈x| ⊗ |H〉 〈H|+ |x+ 1〉 〈x| ⊗ |V 〉 〈V |), and the loss operator M = 1w ⊗
(|+〉 〈+|+√1− p |−〉 〈−|), fol-
lowing the approach outlined in Ref. [33]. Here, |±〉 = (|H〉 ± |V 〉)/√2, σ2 = i(− |H〉 〈V | + |V 〉 〈H|) is the standard
Pauli operator under the polarization basis, |x〉 (x ∈ L) denotes the spatial mode, 1w =
∑
x |x〉 〈x|, and the loss
parameter p = 0.36 for non-unitary QWs in our experiment.
Now we detail the experimental detection of matrix elements 〈ψx2(t)|σi |ψx1(t)〉 (i = 0, 1, 2, 3), which are critical
for the detection of momentum-time skyrmions.
For matrix elements with x1 = x2 = x, we perform polarization analysis on each lattice site in the basis
{|H〉 , |V 〉 , |L〉 = (|H〉 − i |V 〉)/√2, |D〉 = (|H〉 + |V 〉)/√2}. Denoting probabilities of photons measured in the
four basis states respectively as PH(x, t), PV(x, t), PL(x, t) and PD(x, t), we have the matrix elements
〈ψx(t)|σ0 |ψx(t)〉 = PH(x, t) + PV(x, t),
〈ψx(t)|σ1 |ψx(t)〉 = 2PD(x, t)− PH(x, t)− PV(x, t)
〈ψx(t)|σ2 |ψx(t)〉 = −2PL(x, t) + PH(x, t) + PV(x, t)
〈ψx(t)|σ3 |ψx(t)〉 = PH(x, t)− PV(x, t).
For matrix elements with x1 6= x2, we need to measure
〈ψx2(t)|σ0 |ψx1(t)〉 = a∗x2(t)ax1(t) + b∗x2(t)bx1(t),
〈ψx2(t)|σ1 |ψx1(t)〉 = a∗x2(t)bx1(t) + b∗x2(t)ax1(t)
〈ψx2(t)|σ2 |ψx1(t)〉 = −ia∗x2(t)bx1(t) + ib∗x2(t)ax1(t)
〈ψx2(t)|σ3 |ψx1(t)〉 = a∗x2(t)ax1(t)− b∗x2(t)bx1(t),
where we have denoted |ψx(t)〉 =
[
ax(t), bx(t)
]T
. Here, instead of projective measurements, we perform interference-
based measurements. As illustrated in Fig. 1 of the main text, photons in spatial modes x1 and x2 are injected into
the same spatial mode by passing through HWPs (H1 and H2) and BDs. After passing through H1 and H2 with
specific setting angles, the polarization states of the photons are prepared into one of the following four states:
|φ1〉c ∝
[
ax1(t), ax2(t)
]T
when H1 at 0,H2 at 45
◦,
|φ2〉c ∝
[
bx1(t),−bx2(t)
]T
when H1 at 45
◦,H2 at 0
|φ3〉c ∝
[
bx1(t), ax2(t)
]T
when H1 at 45
◦,H2 at 45◦,
|φ4〉c ∝
[
ax1(t), bx2(t)
]T
when removing H1 and H2.
We then apply a projective measurement {|L〉 〈L| , |D〉 〈D|} with a QWP, an HWP and a PBS to obtain probabilities
of photons in the basis states {|L〉 , |D〉}. Depending on their polarization states |φj〉c (j = 1, 2, 3, 4) prior to the
projective measurement, we denote the measured probabilities as P jL(x1, x2, t) and P
j
D(x1, x2, t), respectively.
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FIG. 6. Experimental results for the PT -symmetry-unbroken QW dynamics with initial and final coin parameters cho-
sen in the same topological phase. (a) Time-evolution and (b) spin textures of n(k, t) in the momentum-time space for
a quench process between the initial non-unitary Floquet operator given by (θi1 = pi/4, θ
i
2 = −pi/2) and the final Floquet
operator given by (θf1 = 7pi/25, θ
f
2 = −9pi/20) [black square in Fig. 2(a) of the main text]. Fixed points are located at
{−1.0319pi,−0.5069pi,−0.0319pi, 0.4913pi}. Red dashed lines in (b) show the momentum-dependent period pi/Efk for the oscilla-
tions of n(k, t), which, together with fixed points in momentum space, mark the boundary of the momentum-time submanifolds.
We are then able to calculate both the real and imaginary parts of 〈ψx2(t)|σi |ψx1(t)〉 (i = 0, 1, 2, 3) through
Re
[ 〈ψx2(t)|σ0 |ψx1(t)〉 ] = P 1D(x1, x2, t)− P 2D(x1, x2, t)− PH(x1, t) + PH(x2, t)− PV(x1, t)− PV(x2, t)2 ,
Im
[ 〈ψx2(t)|σ0 |ψx1(t)〉 ] = P 1L(x1, x2, t)− P 2L(x1, x2, t)− PH(x1, t) + PH(x2, t)− PV(x1, t)− PV(x2, t)2 ,
Re
[ 〈ψx2(t)|σ1 |ψx1(t)〉 ] = P 3D(x1, x2, t) + P 4D(x1, x2, t)− PV(x1, t) + PH(x2, t) + PH(x1, t) + PV(x2, t)2 ,
Im
[ 〈ψx2(t)|σ1 |ψx1(t)〉 ] = P 3L(x1, x2, t) + P 4L(x1, x2, t)− PV(x1, t) + PH(x2, t) + PH(x1, t) + PV(x2, t)2 ,
Re
[ 〈ψx2(t)|σ2 |ψx1(t)〉 ] = P 3L(x1, x2, t)− P 4L(x1, x2, t)− PV(x1, t) + PH(x2, t)− PH(x1, t)− PV(x2, t)2 ,
Im
[ 〈ψx2(t)|σ2 |ψx1(t)〉 ] = P 4D(x1, x2, t)− P 3D(x1, x2, t) + PV(x1, t) + PH(x2, t)− PH(x1, t)− PV(x2, t)2 ,
Re
[ 〈ψx2(t)|σ3 |ψx1(t)〉 ] = P 1D(x1, x2, t) + P 2D(x1, x2, t)− PH(x1, t) + PH(x2, t) + PV(x1, t) + PV(x2, t)2 ,
Im
[ 〈ψx2(t)|σ3 |ψx1(t)〉 ] = P 1L(x1, x2, t) + P 2L(x1, x2, t)− PH(x1, t) + PH(x2, t) + PV(x1, t) + PV(x2, t)2 ,
from which we construct the corresponding matrix elements.
Appendix G: Quench between FTPs with the same winding number
As we have discussed in the main text, when the system is quenched between FTPs with the same winding number,
skyrmion-lattice structures are no longer present. This is shown in Fig. 6, where we set the coin parameters for U f
as (θf1 = 7pi/25, θ
f
2 = −9pi/20). The initial state and the loss parameter p are the same as those in Fig. 3(b) of the
main text. Therefore, the post-quench FTP is in the PT -symmetry unbroken regime with νf = 0 and belongs to the
same phase regime for U i. As shown in Fig. 6(a), dynamics of n(k, t) is still oscillatory, however, skyrmion-lattice
structures are no longer present in Fig. 6(b). Note that as θf1,2 are not chosen along the purple dashed lines in Fig. 2(a),
the corresponding quasienergy band Efk is not flat, which leads to oscillations of n(k, t) with momentum-dependent
periods. This is shown in Fig. 6(b).
